Space{times which allow a slicing into homogeneous spatial hypersurfaces generalize the usual Bianchi models. One knows already that in these models the Bianchi type may change with time. Here we show which of the changes really appear.
INTRODUCTION
In the review "Physics in an inhomogeneous universe" Krasi nski 1] de nes a solution of the Einstein equation to be cosmological if it can reproduce the Friedmann{Lemaitre{Robertson{Walker metric by taking limiting values of arbitrary constants or functions. In the carefully collected bibliography 2] he classi ed them according to geometrical properties of the classes of solutions. The main ingredient is the existence of isometries, and it were Collins 3] and Krasi nski 4] who taught the relativists to distinguish between "intrinsic" (internal) and external isometries (a distinction known to mathematicians for long). He showed that a cosmological model composed of homogeneous and isotropic spatial hypersurfaces need not be a Friedmann model. The essential new feature is that the model can continuously change in time between closed (k = 1) and open (k 0) hypersurfaces (which is impossible for the Friedmann models). In 4a], the Stephani universe was generalized by allowing a changing value k in the generalized Friedmann model. Analogously, in 4b] the property of spherical symmetry was generalized.
A likewise generalization of the spatially at (k = 0) Friedmann models is the Szekeres class of solutions 5, 6 ] of the Einstein equation; all elements of this class possess internally at spatial hypersurfaces.
In 7] the analogous question (which was considered by Krasi nski for homogenous isotropic hypersurfaces) was posed and partially answered for models with homogeneous but not necessarily isotropic hypersurfaces.
It is the aim of the present article to continue the research done in 7]. In 7] one can read (we repeat it because that journal is not available to everybody): "To begin with, we consider the easily tractable case of a change to type I: For each type M there one can nd a manifold V 4 such that for t 0 the section V 3 (t) is at and for each t > 0 it belongs to type M ... Applying this fact twice it becomes obvious that by the help of a at intermediate all Bianchi types can be matched together. However, if one does not want to use such a at intermediate the transitions of one Bianchi type to another one become a non-trivial problem."
Let us repeat the question: A generalized homogenous cosmological model is a space{time possessing a foliation into homogenous spatial hypersurfaces. In which manner the corresponding Bianchi type can change with time ? This question can be formulated in several versions; we list ve of them. Other versions of the problem can be obtained by restriction to space{times satisfying certain energy conditions; this is already mentioned in the introduction of Ref. 6 , but here we do not deal with such versions.
Let us consider continuous one-parameter families ( ; g ), 2 0; 1], where be an orientable smooth three-manifold, and g a homogeneous Riemannian metric on it. Since here we consider the homogeneous threegeometry only locally, we can study it on some open standard manifold, = for all . Globally however, may change (see Discussion). Problem 1: Fix a Bianchi type X and a Bianchi type Y. Then, does there exist a one-parameter family of three-geometries ( ; g ) (continuous in the parameter ) such that ( ; g 0 ) is of Bianchi type X and ( ; g 1 ) is of Bianchi type Y?
Problem 2: Fix a three-geometry ( ; g 0 ) of Bianchi type X and a threegeometry ( ; g 1 ) of Bianchi type Y. Then, does there exist a one-parameter family of three-geometries ( ; g ) (continuous in the parameter ) reproducing ( ; g 0 ) and ( ; g 1 ) at = 0 and = 1, respectively?
Clearly both these problems can be answered "Yes, for all possible X and Y" by applying the cited phrase from 7] with g being at e.g. for 1 3 2 3 . Problem 3: Fix a Bianchi type X and a Bianchi type Y. Then, does there exist a one-parameter family of three-geometries ( ; g ) (continuous in the parameter ) such that ( ; g 0 ) is of Bianchi type X and ( ; g ) is of Bianchi type Y for 0 < 1 ? Problem 4: Fix a three-geometry ( ; g 0 ) of Bianchi type X and a threegeometry ( ; g 1 ) of Bianchi type Y. Then, does there exist a one-parameter family of three-geometries ( ; g ) (continuous in the parameter ) and some critical parameter c such that ( ; g ) is of Bianchi This is the problem which is resolved in the following. If the answer with is "Yes" for (X; Y ) with X 6 = Y, then we also say that there is a transition Y ! X corresponding to a directed graph (see Appendix B).
PRELIMINARIES
In this section, we introduce the necessary di erential geometric and group theoretic notions, and we shortly review the literature to related topics. The classical book by Wolf 8] does not only deal with the Riemannian and pseudo-Riemannian spaces of constant curvature, it covers also a lot of results on local and global di erential geometry including symmetric and homogeneous manifolds.
Isometry groups of Riemannian spaces
Karlhede and MacCallum 9] deal with the equivalence problem which consists of the problem to nd a procedure for deciding whether two given Riemannian spaces are isometric.
Here and in the following we use the notion "isometry group" in the meaning "the connected component of the unity of the full isometry group".
Szafron 10] poses the \program to classify cosmological models using intrinsic symmetries". He mentions the following results:
Proposition 1: For Bianchi types II and III, the internal isometry group is always 4-dimensional, for Bianchi types VIII and IX it is sometimes, and for Bianchi types IV and VI h (h 6 = 0; 1) it is never 4-dimensional.
Proposition 2: The conformal atness of a 3-dimensional Riemannian manifold is equivalent to the vanishing of the Cotton{York tensor. For homogenous spaces this is equivalent to the validity of R i j;k] = 0 where ] denotes antisymmetrization. Bona and Coll 11] go a similar way: They look for the isometry groups of 3-dimensional Riemannian metrics, they understand it as part of the program "problem of equivalence of metrics".
Limits of space{times are considered in 12] using a coordinate{free approach, cf. also the references cited in 12]. In 7, 13 -16] a topology in the space of Lie algebras was considered which shall be put in relation to the limit of space{times in sct. 3.
A topology in the space of real Lie algebras can be de ned as follows: Let A be a set of d-dimensional Lie SO(3; 2) . Both of them are semisimple, they have di erent signatures of the Cartan metric.
It is pointed out in 15] that all these deformations and contractions within the category of nite-dimensional Lie algebras appear in the topology of the resp. space of Lie algebras, but the latter has more general limits, some of which correspond neither to In on u{Wigner nor to Saletan contractions.
In 20], the Heisenberg group is de ned as odd-dimensional simply con- Milnor 34] gives a review of left{invariant metrics on Lie groups; he writes: "In the 3-dimensional case, the theory is essentially complete." To our knowledge, it has not been completed yet; more precisely: All particular parts of the puzzle exist, but they have not been put together to a picture. Even the present article will not nish this task.
It is mentioned in 34] , that the curvature depends continuously on the structure constants and on the metric. This gives already a hint how the puzzle can be handled. 
Homogeneous spaces and triviality
In de ning homogeneous manifolds we follow Ziller 37] . A Riemannian or pseudo-Riemannian manifold M is homogeneous if the isometry group acts transitively on it. It holds Proposition 13: Each homogeneous manifold M can be represented as M = G=H where G is the isometry group of M and H its isotropy subgroup.
Of course, sometimes a homogeneous manifold can be represented as M = G=H whereG andH are not the isometry resp. isotropy groups.
Slansky 36] gives a review on Lie groups. The exceptional Lie group G 2 is the only 14-dimensional compact simple Lie group. One gets the homogeneous sphere S 6 by factorizing G 2 =SU(3) =S 6 . This is a reduced quotient as compared to the usual SO(7)=SO(6) =S 6 , where dimSO(7) = 21. In 31] this reads as follows: The homogenous S 6 has two di erent homogeneous structures with di erent Lie algebras.
Even more remarkable is also the following example: The Heisenberg group (Bianchi type II) has two di erent homogenous structures, both with the same Lie algebra. (The reason here is: Each left-invariant metric of the Heisenberg group possesses a 4-dimensional isometry group, which is of type A 4;10 in the classi cation of 15]. It admits two di erent, though isomorphic, 3-dimensional transitive subgroups.) Any M = G=H is de ned only with H a closed subgroup of G. For a positive de nite metric, moreover, H is compact, because it is a closed subgroup of the compact rotation group. For this case one can do the following: Let g be the Lie algebra to G, h to H, then there exists a subalgebra p g such that g = h p and h; p] p, so that p can be identi ed with the tangent space of M, cf. 37].
Here we want to emphasize that this identi cation is not automatically possible for Lorentzian homogeneous metrics. In the following, we only deal with simply connected complete Riemannian manifolds, so we need not distinguish between homogeneous and locally homogeneous spaces, cf. proposition 5.
Further ( 41] ): Every left{invariant metric on a trivial and non{ commutative Lie group is of constant negative curvature. In 3 dimensions this implies: Bianchi type V represents always a 3-space of constant negative curvature, hence, it possesses a 6-dimensional isometry group.
Concerning left{invariant Lorentz metrics one gets 41]: For trivial Lie groups one gets only spaces of constant curvature. In 3 dimensions it holds: Bianchi types II, VI 0 and VII 0 admit at spaces, semi{simple algebras do not admit at spaces.
HOMOGENEOUS MANIFOLDS
In subsection 3.1 we deal with 2-dimensional homogeneous manifolds of both possible signatures, in subsection 3.2 we consider the positive de nite 3-dimensional homogeneous manifolds.
Two{dimensional homogeneous manifolds
This subsection repeats only known results but the point of view seems to be new. However, the main reason why we present it here is to show the reader what style of reasoning is behind subsection 3.2. We do not distinguish between manifolds whose only di erence is an overall factor (?1) in front of the metrical tensor. So we have to consider only two possible signatures.
Positive de nite signature
Let us start with the two 2-dimensional Lie algebras. Every left{invariant metric on the commutative Lie group is at. This gives the at Euclidean plane R 2 with isometry group E(2) belonging to Bianchi type VII 0 .
The only non{commutative 2-dimensional Lie algebra is trivial (cf. propositions 10, 11 and 14), and so every left{invariant metric gives the H 2 , the 2-surface of constant negative curvature. Its isometry group is SO(2; 1) and belongs to Bianchi type VIII.
What about the sphere S 2 , the 2-surface of constant positive curvature? Its isometry group is SO(3) and it belongs to Bianchi type IX. In the language of proposition 13 we can write S 2 = SO(3)=SO(2), and the above consideration shows: The 3-dimensional isometry group of S 2 does not possess a 2-dimensional transitive subgroup, but the 3-dimensional isometry group of H 2 has a 2-dimensional transitive subgroup.
Inde nite signature
The commutative Lie group gives the at 1+1-dimensional Minkowski space{ time M 2 . The isometry group is the 2-dimensional pseudo-Euclidean group of motions, E(1; 1), with corresponding Bianchi type VI 0 .
The non{commutative Lie group gives a space of constant non{vanishing curvature (sometimes called 2-dimensional de Sitter space{time S 2 ), the isometry group belongs to Bianchi type VIII.
Contrary to the case of de nite signature, a third type does not exist. 
The algebras of the isometry groups

The corresponding limits of space{times
Now we come to the scope of this article: models with intrinsically homogeneous hypersurfaces. Here we consider the 2 + 1-dimensional case with 2-dimensional hypersurfaces. If one allows complex transformations, the Lie groups IX and VIII on the one hand, and VII 0 and VI 0 on the other hand, become equivalent, cf. Fig. 1 . Analogously, S 2 , H 2 , and S 2 on the one hand, and R 2 and M 2 on the other hand, are isometric by a complex coordinate transformation, cf. Fig. 2 .
The slice is locally uniquely determined by the value of its curvature scalar and the signature of the metric. A continuous change of the slice is possible i the signature is the same and the corresponding inner curvature scalar changes continuously.
In the next subsection we want to clarify, to which extent analogous results are valid also in the more interesting 3 + 1-dimensional case.
Three{dimensional homogeneous manifolds
We only consider the case of a positive de nite metric.
The Kantowski{Sachs model
Let us start with the Kantowski{Sachs model, whose spatial hypersurfaces are S 2 R, the Cartesian product of the sphere and the real line. The isometry group is 4-dimensional, and it does not possess a 3-dimensional transitive subgroup.
The eigenvalues of the Ricci tensor are ( ; ; 0) where is any positive real. It is essential to note that this is the only case (more exactly: a one{ parameter set of cases, parametrized by ) for a 3-dimensional homogeneous manifold in which no 3-dimensional transitive subgroup of the isometry group exists. A little less known is the following: It is also the only homogeneous 3-dimensional manifold where the Ricci tensor has eigenvalues ( ; ; 0) with > 0. Proof: Because of propositions 8 and 9 we have to check only the unimodular but not nilpotent Lie algebras, i.e. types VI 0 , VII 0 , VIII and IX. The Ricci scalar equals 2 > 0, but only type IX allows a positive Ricci scalar. The rest is done by explicit calculus.
Besides this exceptional case one gets all other homogeneous 3{spaces by considering the left{invariant metrics on 3-dimensional Lie groups which are discussed in the next subsection. Nevertheless it is useful to mention the following: H 2 R, the Cartesian product of the 2{surface of constant negative curvature and the real line possesses a 4-dimensional isometry group; it has a transitive subgroup of Bianchi type III (which is the same as VI 1 ). The Ricci tensor has eigenvalues ( ; ; 0) with < 0.
The Bianchi models
Let us consider now 3-dimensional homogeneous spaces di erent from the Kantowski-Sachs spaces of the last section. These so{called Bianchi models are de ned by left{invariant metrics on a 3-dimensional Lie group G 3 . This is a simply transitive isometry subgroup given by one of the Bianchi types. (3. 12) The Ricci curvature scalar is R := R i i , the sum of the squared eigenvalues of the Ricci tensor is N := R i j R j i (3.13) S i j is the trace{free part of the Ricci tensor, we de ne S := S i j S j k S k i = R i j R j k R k i ? RN + 2 9 R 3 ; (3.14) and Y := 1 2 (R ij;k ? R ik;j )g il g jm g kn R lm;n (3.15) These are the four scalar invariants which characterize the local homogeneous space.
This means that the bound "p 3" of theorem 6 in ref. 11 can be lowered to "p 1" if one restricts to the set of homogeneous spaces. In other words: If one knows these four numbers, then the geometry of the homogeneous space is uniquely determined (up to possible global identi cations). If the Bianchi type is given and is neither VIII nor IX , then the three eigenvalues of the Ricci tensor su ce to determine the local geometry completely. Both Bianchi types VIII and IX possess examples where this is not true.
There is a one{to{one correspondence between the ordered tripel of numbers (R; N; S) and the non-ordered tripel consisting of the three eigenvalues of the Ricci tensor. It depends on the situation which of these tripels is more appropriate. N = 0 appears for the at space only. For N 6 = 0, the invariant N is positive and can be used for a homothetic rescaling of the metric, g ij := One peculiarity must be mentioned: For positive w the corresponding points in theR-Ŝ-diagram converge to the origin as w tends to zero, but for w = 0 the resulting space is at and cannot be represented in that diagram. (The latter is a consequence of the fact that the 6{dimensional isometry group of the at space possesses a 3{dimensional transitive subgroup of Bianchi type VII 0 .) II, VI 0 and VII 0 together ll theR < 0-part of the curve L +? .
The 2-parameter expressions for the scalar invariants N,R, andŜ for In theR-Ŝ-plane, the boundary of the regions of Bianchi types VIII and IX is given by the lines L 2 , L 0 and that of VII 0 , which is the common boundary of VIII and IX . This boundary can be reached from each region as an asymptotic limit. Bianchi type VIII lies in the region to the left w.r.t. VII 0 , while Bianchi IX in the region to the right w.r.t. VII 0 . The points of II and (0; 0), the endpoints of the line VII 0 , are corner points to both VIII and IX . They can be reached from each of them as asymptotic limit points. The point III is a corner point of the region VIII . There, one endpoint of L 0 hits on L 2 .
The point (   p  2; ? 1   9   p 2 ) is a tip of the region IX which does not belong to IX itself but can be reached as a limit of from points in IX , e.g. for (t; u) ! (1; 1). This point corresponds to the Kantowski-Sachs spaces (KS in Fig. 5 below) , cf. subsection 3.2.1.
In theR-Ŝ-plane the region of IX is connected. In its point (1; 2 9 ) (which, by the way, is the mirror point to the VI 0 point) the lines L 2 and L 0 intersect. If this point in theR-Ŝ-plane were missing, IX would be disconnected. Note that this point in theR-Ŝ-plane actually corresponds to a 1-dimensional line in the connected 2-dimensional space of homogeneous spaces modulo absolute scale. It is then a special e ect of the projection to theR-Ŝ-plane that that 1-dimensional line degenerates to a point in this plane. Here the fourth curvature invariant Y eq. 
ORIENTATION
If we prescribe an orientation, then both a Lie algebra and a homogeneous manifold get additional structure. For the 3{dimensional Lie algebras one can say the following: Bianchi types I, V, and VI h (arbitrary h) are self{dual, i.e., there exists an orientation{reversing Lie algebra isomorphism. All other Bianchi types lead to pairs of dual algebras if the orientation is prescribed, cf. e.g. 14].
The analogous question for the corresponding manifolds is not completely answered yet. But for cosmological models it should be required that the spatial orientation keeps always the same. To go further, one should nd out, which of the homogeneous 3{manifolds possess an orientation{reversing isometry; we call such manifolds also self{dual.
It holds: If the space is locally symmetric (cf. the text after proposition 5) or if a hypersurface{orthogonal Killing vector eld exists, then such an isometry exists. Therefore, all manifolds of Bianchi types I, II, III, V and the KS{spaces, and some of the Bianchi IX manifolds are self{dual.
A further partial answer is as follows: If all eigenvectors of the Ricci tensor are di erent and the underlying Lie algebra of isometries is not self{ dual, then also the manifold is not self{dual. Therefore, all Bianchi type IV, some of Bianchi type VII, some of VIII and some of type IX manifolds fail to be self{dual. Generalized homogeneous cosmological models enjoy a renewed interest, see e.g. 1, 2, 42].
The review 43] entitled "Cosmic Topology" contains many valuable facts on related questions. E.g. Thurston's homogeneous three-geometries (appearing as universal covering spaces of some compact homogeneous threegeometries as quotients w.r.t. some discrete isometry subgroup acting simply transitive on its orbits) correspond to some characteristic Bianchi or Kantowski-Sachs types each. (The reverse is not true.) According to 43], R 3 , S 3 , H 3 , S 2 R, H 2 R,SL(2; R) correspond to type I, IX, V, KS, III, VIII, respectively. We add: the remaining Thurston types, Nil and Sol, correspond to Bianchi types II and VI 0 respectively. So it is obvious, as mentioned in the Introduction, that certain transitions of the local geometry to another Bianchi or Kantowski-Sachs type determine changes of the global topology of the homogeneous three-manifolds. Hence, although we concentrated here on a classi cation problem of transitions in local geometry, it also helps to classify related transitions of the global geometry.
In the present paper we concentrated on the question, how the Bianchi type can change with time in those models, and how this is related to the topology in the space of 3{dimensional Lie algebras. One should mention that the de nition for the generalized homogeneous cosmological models di ers in di erent papers. The main di erence is the following: "There exists a system of reference such that the spatial slices t = const. have homogeneous inner geometry." versus "There exists a synchronized system of reference such that the spatial slices t = const. have homogeneous inner geometry." (compare also Refs. 3, 4] ). For our purpose this distinction is not essential, but if one solves the Einstein equation for models of this kind the distinction becomes essential.
A systematic consideration of homogeneous models is also useful for a canonical quantization. In 32] the Wheeler{de Witt equation was considered for the Bianchi models with 2 or 3 minisuperspace dimensions.
What has to be done yet ? The analogous question should be considered for Lorentz signature spaces. The set of manifolds is no more known to be a Hausdor space, the calibration toN = 1 is no longer possible in general, and more subcases have to be distinguished. Also for positive de nite signature, The space of all sets fC k ij g satisfying the antisymmetry condition and the Jacobi identity can be considered as a subvariety W n R n 3 of dimension dimW n n 3 ? n 2 (n + 1) 2 = n 2 (n ? 1)
2 : For n = 3 the structure constants can be written as C k ij = ijl (n lk + lkm a m ); where n ij is symmetric and ijk = ijk totally antisymmetric with 123 = 1. The Jacobi identity is equivalent to n lm a m = 0. Without loss of generality one gets a m = (h; 0; 0) and n lk = diag(n 1 ; n 2 ; n 3 ). The quadruples (h; n 1 ; n 2 ; n 3 ) for the Bianchi It holds: T 2 implies T 1 , T 1 implies T 0 . GL(n) basis transformations induce GL(n) tensor transformations between equivalent structure constants.
where denotes the equivalence relation. This induces the space K n = W n =GL(n) of equivalence classes w.r.t. the nonlinear action of GL(n) on W n . The GL(n) action on W n is not free in general. It holds:
dimW n > dimK n dimW n ? n 2 :
The rst inequality is a strict one, because the multiples of the unit matrix in GL(n) give rise to equivalent points of K n .
Let : W n ! K n be the canonical map for the equivalence relation de ned by the action of GL(n) in W n . The natural topology n of K n is given as the quotient topology of the induced topology of W n R n 3 w.r.t. GL(n) equivalence. This means: A sequence of Lie algebras converges to a limit algebra if there exists a basis for each algebra such that the corresponding structure constants converge to each other as real numbers. For n 2, the topology n is a T 0 but not a T 1 {space. Figure 6 shows the topological relation between the Bianchi types, the relation between the graph and the topology is outlined in appendix B.
APPENDIX B. DIRECTED GRAPHS AND FINITE TOPOLOGICAL SPACES
This appendix shall help reading the diagrams. First we give the intuitive idea and second we outline the mathematical apparatus behind it.
First, look at Fig. 4 and imagine that "I" is represented by the origin of a Cartesian coordinate system. "V" shall denote all points of the positive x{axis, "II" the positive y{axis, and "IV" is the region of points with x > 0 and y > 0. Then it is clear what the arrows mean: the possible convergence of respective representatives. There is no extra arrow directly from "IV" to "I" (seen e.g. by representatives at the line x = y), because the transitivity property is know to be satis ed, and we want to have a minimal number of arrows.
Second, let X be a nite nonvoid set. A directed graph in X is a subset ? X X; (x; y) 2 ? means: there is a directed edge from vertex x to vertex y. De nition: A closed path in ? is a sequence of edges (x 1 ; x 2 ); (x 2 ; x 3 ); : : :; (x n ; x 1 ) 2 ? connecting at least two vertices (i.e., card fx 1 ; : : : ; x n g 2). It holds: The topology de ned by ? is T 0 i ? does not contain a closed path. Let us now go the other direction: Let a topology in X be given, cl denotes the closure with respect to it. We de ne a directed graph ? by (x; y) 2 ? i y 2 cl fxg. It holds: This graph ? is transitively closed, and the topology de ned from it coincides with the initial topology.
Conclusion: There is a one-to-one correspondence between all topologies and all transitively closed directed graphs in the nite set X. For visualizing a nite topological space, however, the transitively closed graphs are not best suited, one should prefer a graph with less edges. To nd the best suited graph we de ne De nition: A directed graph ? is called minimal if? ? and Cl? = Cl ? imply? = ?.
Each directed graph ? contains a minimal subgraph? with Cl ? = Cl? and therefore, each nite topological space can be vizualized by a minimal graph. For card X = 2 this minimal graph is unique.
In general, however, there exists more than one minimal graph for one topology. For card X 3, f(x 1 ; x 2 ); (x 2 ; x 3 ); (x 3 ; x 1 )g and f(x 1 ; x 3 ); (x 3 ; x 2 ); (x 2 ; x 1 )g represent two di erent minimal graphs with same transitive closure. It holds: The minimal graph representing a nite topological space X is unique i all the connected components of X possessing more than two points are T 0 -spaces.
